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Abgract

In the digoint products verson of rdiability andyds of
weighted—k —out-of—n  sygtems it is necessary to determine the
order in which the weight of components is to be conddered. The
k —out—of—n :G(F) sygem condssof n components; each com-
ponent has its own probability and postive integer weight such that
the sysem is operationd (failed) if and only if the totd weight of
some operdiond (falure) components is a lees k . This pgper
designs a method to compute the rdiability in O(n-k)  comput-
ing time and in O(n-k) memory space The proposed method
expreses the system rdicbility in fewer product terms than those
aready published.
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Order of components Weight of components, Terms used in later
dep.

1. Introduction

The weaghted- k —out-of— n :G(F) sygem condds of n
components, each of which hasits own probability and postive inte-
ger weight (totdl sysem weight =w ), such tha the system is opera-
tiond (failed) if and only if the totd weight of some operationd (fail-
ure) components is d& leet k . The rdidility of the
weighted—k —out-of—n :G sysem is the component of the unrdi-
ability of a weghted+ w—k +1 }-out-of—n :F system. Without
loss of generdity, we discuss the weighted—k —out-of—n :G sygem
only. The origind  k —out-of—n :G sysem is a gpedd case of the
weighted— k —out-of—n :G sysem wherein the weight of each
componentis1.

[1]. They proposad O(n-k) dgorithm to compute the exact sys-
tem rdliability. However, their dgorithm does not takes any acoount
of the order of components. The number of product terms in their
rdiability equation is strongly influenced by the order of components.

Higashiyama has pointed out the advantages of an dternative
order in the method based on the weight of components [2]. Three
types of order are consdered in [2]. One is the random order of
components [1]. Second isto order the components so that the lower
weight hes younger component number, thet is, in the order of the
weight of components in the system, called best order or ascending
order. For example, if the weight of component i is less than the
weight of j , the component number i must be lower than the
number j . Third is to order them that the weighty ones are fird,
cdled worst order or descending order. The best order method re-
duces the computing cost and data processing effort required to ger+
erate an optimd factored formula, which contains no identicd terms
(2.

The method [2] dramatically reduced the computing cost and
data processing effort, however alot of term unusad in later Sepsare
autometicaly derived in the method. This paper gives an effident
agorithmto generate the product termsonly to beusad inlater seps.

Section 2 destribes the notation & assumptions Section 3
showsan O(n-k) dgorithm by Wu-Chen for the rdiaility of the
weighted—k —out—of—n :G system. Section 4 shows arevised dgo-
rithm by Higashiyama to generate a factored reiability formula
Section 5 proposes a new dgorithm to reduce the number of com-

puting steps.

One of the questions which arises when using recursive digint 2.Modd
products dgorithms for rdiability of the weighted— k —out—of— Notation
n sysem isthe order in which the weight of components should be n nurmber of componentsin asystem.
conddered [3]. The system wasintroduced by Wu and Chenin 194 K minimd totd weight of dl operaiond (failure)
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components which makes the system operationd

(fallure).
W weight of component i .
pi operationd probahility of component i .
q £1.0- pi, falure probability of component i .

R,BW [random, best, worst] case in which the components
of the sysem ae ordered [randomly, the lower
weight one has younger number, the higher weight
one has younger number].

Ra(i, j) rdigbility formula of the weghted— j —out-of—i :
Geo for Q=RBW ca

RY G, j) rdigbility formula of Re(i, j) for Q=R,BW
ceee in new method which generates the product
termsonly to beused in later teps.

Ma(i,j) binary random vdue indicaing the dae of
RY(i,j) for Q=R,B,W caxintheeachdep.

Assumptions

A. Each component and the sysemisdther operationd or failed.

B. Thereisnorepair.

C. For given n, dl components are mutudly datigticaly inde-

pendertt.

D. Sendng and switching of failure components out of the system

isperfect.

E. Each component hes its own postive integer weight and its

own probahility.

F. Thesydemisoperaiond if and only if the totd weight of op-

erationd componentsisa least K .

3. Wu-Chen (random case) [1]

Wu and Chen [1] have presented an O(n- k) dgorithm to
evduatetherdiability of theweghted—k —out-of—n : Gr  sysem.

To deive Rk(i, j), the dgorithm needs to congtruct the table
with Re(i,j), for i=0,42,...,n, and j=012,...,k. Ini-
tidly,

Rr(i,0)=1.0, for i=0,12,...,n; (@]

Rr(0,j)=0.0, for j=12,...,k. ©
Furthermore if j <0, itisobviousthat forany i:

Rr(i, j)=1.0 ®

For i=12,...,n, and j=12,...,k, thar dgorithm generaes
eech Re(i, j),

p-RI-1Lj-w)+q-R(i-1]j),
Re(i, J) = if j—w>0; @
pi+q-R(i-1]), otherwise.
Thefollowing detailsthedgorithm for computing R(n, k).

By eguaion (4), if n<k then R(i,j)=0.0. Othewise by
eguaion (1), and equation (2), the agorithm congructs row 1 and
columnlinthe Re(i, j) table Then, by equation (4) the dgorithm
condructsrow 2, row 3, ..., row n+1 inthat order; R=(n,k)
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is eventudly derived. Because the size of the Rk(i, ) tddeis
(n+1)-(k+1) , the d9ze of the sequentid dgorithm needs
O(n-k) runningtime.

This method has a disadvantage in that the number of terms de-
pends on the order of components. Heredfter it is refarred to as ran+
dom order method.

Condder a weghted-5-out-0f-3: Gk system with weights,
w=2, we=6,and ws=4.

By equation (1), get column #1 wherein,
Rr(0,0) = Rr(1,0) = Rr(2,0) = Rr(3,0) =1.0 ®)
and by equation (2), get row #1 wherein,

Re(0,1) = Re(0,2) = Re(0,3) = Re(0,4) = Re(0,5) = 0.0
©

Therefore, by equation (4) rows #2, #3, and #4 are derived &
folows

Row#2,
R(1D)=p-R(O,-D+ - Re(0) = U]
R:(1,2)= pr-Re(0,0) + a1 - Rr(0,2) = ®
R:(1,3) = pr- RR(0,2) + 1 - Rr(0,3) = 0.0 ©9
R:(1,4) = pr- Rr(0,2) + 01 - Rr(0,4) = 0.0 (10)
R:(1,5) = p.- Rr(0,3) + 01 - Rr(0,5) = 0.0 1)
Row #3;

Rr(2,1) = p2- Rr(1,—5) + G2 - Rr(1LD) = p2 + G2 1 12)
Rr(2,2) = p2- Rr(L-4) + G2 - Rr(1,2) = p2 + Ge 1 13

R(2,3) = p2- Rr(1-3) + 2 Rr(L3) = 2 (14

Re(2,4) = p2- Rr(L-2) + G2 Rr(L,4) = p2 (15

R:(2,5) = p2- Rr(1,-1) + g2 - RR(L5) = p2 (16)
Row #4;

Rr(31) = ps- Rr(2,-3) + - Rr(2,1)
=P+ (P2+ )= P+ gpz+pp  (17)
Re(3,2) = ps- Rr(2,-2) + - Rr(2,2)
=ps+Cs-(Pa+pr) = Ps+ QP2+ (18)
Rr(3,3)= ps- RR(2,-1D) + - Rr(2,3) = ps + (a2 (19
Rr(3,4) = ps- Rr(2,0) + 05 - Rr(2,4) = ps + s p2 (20)
Re(3,5) = ps- Re(2,) + s - Re(2,5)
= ps- (P2 + G pr) + QP2 = Pspz + PaCe Pu + sz
(2

4. Higashiyama[2]
4.1Bed case

This section presents the best order of components so that the
lower weight one has younger component number. The procedure
can be processd after reordering of components. Heredfter it is re-
ferred to asbest order method.

Therefore, consder the rdiability formula for the reordered
weighted-5-outof-3: Gs sydem with weights w=2 ,
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w=4, ws=6.

By equation (1), get column #1 wherein,

Re(0,0) = Rs(1,0) = Re(2,0) = Rs(3,0) =1.0 (22)
and by equation (2), get row #1 wherein,

Re(0,1) = Re(0,2) = Re(0,3) = Re(0,4) = Re(0,5) = 0.0
(2

Therefore, by equation (4) rows #2, #3, and #4 are derived as
folows

Row#2,
Re(11)=p-Re(0,-D)+u-Re(0,) = (24
Rs(1,2)= pi-Re(0,0) + - Re(0,2) = (29
Rs(1,3)=p-Rs(0,2) + 1 - Rs(0,3) =0.0 (26)
Rs(1,4)=p-Rs(0,2) + - Re(0,4) = 0.0 27
Rs(1,5) = p- Re(0,3) + 01 - Re(0,5) = 0.0 (28)
Row #3;

Re(21) = p2- Re(L,—-3) + 02 Re(11) = p2 + G2 (29
Re(2,2)=p2-Re(L-2) + 2~ Re(12) = p2 + e (30

Rs(2,3)=p2-Re(L,-D)+ - Re(1,3) = p2 (31

Re(2,4) = pz2- Re(L0) + 02 - Re(L4) = p2 (32

Rs(2,5) = p2- Re(1L1) + @2- Re(L,5) = pen (33
Row #4;

Rs(35) =ps-Re(2,-D)+-Re(2,5) = ps + s (34)

The find result Re(3,5) is only generated from rdichilities
Rs(2,-1) and Re(2,5), 0 it is not necessay to cdculae
Re(31), R(32), ..., Rs(34).

42Word case

This section presents the worst order of components so that the
higher weight one has younger component number. The procedure
can be processed smilar to best case dfter reordering of components.
Heredter itisreferred to asworgt order method.

Therefore, consder the rdiability formula for the reordered
weghted-5-out-0f-3: Gw  system with weghts wi=6 ,
w=4, ws=2.

By equation (1), get column #1 wherein,
Rv(0,0) = Rv(1,0) = Rv(2,0) = Rw(3,0) =1.0 (39
and by equation (2), get row #1 wherein,

Rv(0,2) = Rv(0,2) = Rv(0,3) = Rv(0,4) = Rv(0,5) = 0.0
(36
Therefore, by equation (4) rows #2, #3, and #4 are derived as
folows

Rv(L3)=p-Rv(0,-3) + - Rw(0,3) = pt (39

Rv(L4)=p-Rv(0,-2)+ - Rw(0,4) = p (40)

Rv(15)=p-Rv(0,-)+a-Rv(0,5)=p 4y
Row #3;

Rv(2D)=pz-Rv(L-3)+ - Rv(L]) = p. + G2 1 42
Rv(22)=p-Rv(L-2)+ - -Rv(L2) = p2+ep (&)
Rv(23)=pz-Ru(L-1)+ G -Rv(1L3)=p2+pr (44
Rv(24)=p-Rv(LO)+ G2 Rv(L4) = p2 + G2 (45)
Rv(25)=pz-Ru(L]) + G- Rv(L5) = pepr+ cepr (46)

Row #4;
Rv(3,5) = ps- Rv(2,3) + - Rv(2,5)
=P~ (P2 + ) + G- (P2 + G2 )
= P3Pz + PaCzPr + O P2 Pr + G0z Pr @)

In the same manner to best case the find reult Rw(3,5) is
only generated from relidhilities Rv(2,3) and Rw(2,5), 0itis
not necessary tocdeulate Rv(3,1), Rv(3,2), ..., Rv(3,4).

4.3. Comparisonsbetween threereaults

A. Usdng the component numbers in the
weighted-5-out-of-3: Gs  system, Rx(3,5) (interchange
component numbers 2 and 3) and Rwv(3,5) (interchange
component numbers 1 and 3) can berewritten as, regpectivdy;

Rr(3,5) = pspz + G2 + Pece

= Pe- (P2 + Qo) + G P2

= P+ Geper = Re(3,5) 49
Rv(3,5) = p2pr+ paGepr+ PePech + PaCech

=0sP2Pr+ P3P Pr+ PsG2 P+ PaP2h + PeC20h

= pe-{(P2+02)- pr+(p2+Ce) G} + Cepzpr

= ps+Gsp2pr = Re(3,5) (49)

B. Best order method generates only 2 product terms and 4 vari-
ables, and requires 1 addition (+ —operator) and 2 multiplicar
tions (x —operaor).

C. Random order method generates 3 product terms and 7 vari-
ables, and requires 2 additionsand 4 multiplications.

D. Worst order method generates 4 product terms and 11 varidbles,
and requires 3 additionsand 7 multiplications.

5. Proposad method
5.1Algorithm

The dgorithm, Generate digoint product terms in Fig.l, is
basad on the proper definition of the system structure function, which
isgiven in Notation of Section 2. The format of the dgorithm makes
it easy to implement in a hignHeve programming language like
Fortran, Pascdl, or C.

5.2 Examples
Row #2; . . ! . .
Condde the weighted-5-out—of-3: G sysem with weights
Rv(L) = p-Rv(0,-5) + - Rv(0,]) = p 37 w=2, w=6, ws=4. For each cae (R,B,W), the dgo-
Rv(L,2)=p-Rv(0,-4)+ - Rv(0,2) = p (33 rithm, Generate digoint product terms in Figl, generaes the
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digoint product termsbe ow for each case about the example system.

Procedure Generatedigoint product terms
input: N, K, Wi ~Wh, pr ~ pn;
common: n,k,wi ~wh, pr ~ pn,M,R;g =1.0- p;;
initial dear: M[1<i<n,1<j<k]:=0;
procedurelndicating matrix
M[n k] =M[n-1k] =1
if kK—wh>0 then M[n-Lk-wh] =1 endif;
for i=n-1 gep -1 until 2 do
for j:=1 until k do
if M[i,j]=1 then M[i—-1,j]:=1;
if j—w>0 then M[i-1j-w]=1
endif; end if; end for; end for;
Digoint terms;
end Indicating matrix
procedureDigoint terms
initial dear: R[0<i<n,j<0]:=10;
R0,1< j<k]:=0.0;
for i:=1 until n do
for j:==1 until k do
if MIi,jl=1 then
Ri,jl=p Ri-1j-w]+q-Ri-1jl;
endif; end for; end for;
end Digoint terms
Indicating matrix;
end Generatedigoint product terms

Fg.1 Algorithm Generatedigaint product terms

5.2.1 Random case
After executing of procedure Indicating matrix, indicaing
matrix is,
10001

Mr =| 10001
00001

By virtueof Mr, procedure Digoint terms generates the rdiahil-
ity formulas asfallows,

RRAD=p-RRO-D+q-RYOD=p @
RE(1L5)=p-R¥(0,3 +q-R¥(0,5=00 y
RE@2D=p-RYL-H+® RRAD=p+p (12
RR(25) = p2- R{(L-1) +02-RY(15) = pe (16y

Findly thedgorithm derivesthefind resuit asfollows;

RRN(315): p3R!,?\‘(2!1)+q3R!,?\‘(215)
=P (P2 + Q) + QP2 = Papz + Pallz pr + G3 2
2y

522Bedt cae

After executing of procedure Indicating matrix, indicating
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matrix is;
10001
Mg =| 00001
00001

By virtueof M, procedure Digoint terms derives the rdiability
formulasasfollows,

RIQD=p-RIO-D+a-R(OD=p 24y
RE(1L5) = p-R(0,3 + - Ry(0,5 =0.0 8y
RE(25) = p2- RI (LD + G- RE(LD) = pepr €o)

RY(3,5) = ps-RE(2-1) + - RY(25) = ps + Gz (34)
523Word case
The Mw and R aredeived asfollows

10101

Mw = | 00101

00001
RVLD=p-Re(0,-5)+aq-Rv(0]) = p @37
RV(L3)=p-Ri(0-3+a-Ri(0.3=p (39
RV(LS)=p-Ry(0.-)+aq-Ri(0.,9) = p (41

RV(23) = p2-Ry(L-D)+0-Ry(L3) = p2 + G2 (44
RV(2,5) = p2- Rj(1]) + 2 - R} (L.5) = p2pr + G2 (46)
RV (35 = ps-Ri(2,3) + - Ry(2,5)

= Ps-(P2+Gepr) + G- (P2 + G2 )

= PeP2 + PsQzPr + O P2 Pr + Qa2 P @y

5.3 Comparisons

The proposed dgorithm can generae three types of the find
rdiebility function above, equation RY(3,5) in (21), equation
RY(3,5) in(34y,orequaion R} (3,5) in(47), for each case

A. For therandom case, the proposed dgorithm nesds 5 rdiahility
formulasto get thefind rdiability function and 6 rdiability for-
mulas are omitted.

B. For the best casg, the proposed dgorithm neads 4 rdighility
formulas to get the find rdiability function and 7 rdigbility
formulasare omitted.

C. For the worg case, the proposed dgorithm needs 6 rdiability
formulas to get the find rdiability function and 5 rdighility
formulasare omitted.
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